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 Transient thermal transfer in multilayered composite pipeline with active heating is analyzed.
 Lumped models for transient heat conduction in multilayered composite pipeline are presented.
 Two-point Hermite approximations for integrals are employed.
 Finite difference discretization is used for energy equation of transported fluid in the pipeline.
 The model can be applied for thermal design of deepwater pipelines and flow assurance modeling.
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a b s t r a c t
In this study, improved lumped parameter models were proposed for transient thermal analysis of
multilayered composite pipeline with active heating, which is essential for flow assurance design and
operating strategies of deepwater subsea pipelines. Improved lumped models for transient heat con-
duction in multilayered composite pipelines were based on two-points Hermite approximations for
integrals. The transient energy equation for the bulk temperature of the produced fluid was transformed
into a set of ordinary differential equations in time by using a finite difference method. The coupled
system of ordinary differential equations for average temperatures in the solids and bulk temperature of
the fluid at each longitudinal discretization point along the pipeline was solved by using an ODE solver.
With the proposed method, we analyzed the transient heat transfer in stainless steel-polypropylene-
stainless steel sandwich pipes (SP) with active electrical heating. Convergence behaviors of the
average temperature of each layer and the bulk temperature of the produced fluid calculated by using the
improved lumped models (H0,0/H1,1 and H1,1/H1,1 approximations) against the number of grid points
along the pipelines were presented. Case studies were performed to investigate the effect of the linear
rate of power input and the average velocity on the bulk temperature distribution of the produced fluid.
© 2015 Elsevier Ltd. All rights reserved.
1. Introduction
The analysis of transient heat transfer inmultilayered composite
pipeline with active heating is an essential aspect for flow assur-
ance design and operating strategies of deepwater subsea pipe-
lines, such as pipe-in-pipe or sandwich systems. With increasing
water depth and tie-back distance, pipeline insulation has turned to
be mandatory in all types of deepwater developments. For subsea
production pipelines, chemical inhibitors or active heating are
required when passive thermal insulation alone is not sufficient to
prevent wax deposition and hydrate formation probably appeared
during warm-up or cool-down periods [1e3]. Accurate analysis of
transient heat transfer in composite pipeline is necessary to predict
temperature evolution along the pipeline as to determine neces-
sary quantity of chemical inhibitors or suitable means of heating. As
an example, Su et al. [4] solved themathematical models governing
the heat conduction in the composite pipeline and the energy
transport in the produced fluid by using finite difference methods.
Transient heat transfer in multilayered composite plates, cylin-
ders and spheres are of great interest in a number of engineering
applications [4e12]. The use of composite media is necessary when
the thermal and mechanical properties of a single layer is not
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sufficient as to fulfill both thermal and mechanical requirements.
Various methods are available for the determination of the tran-
sient temperature distribution in multilayered composite media,
such as the Laplace transform method [13], the orthogonal
expansion technique [14], the Green's function approach [15] and
the finite integral transform technique [16].
Recently, heat conduction in cylindrical composite laminates
has attracted much attention due to its relevance to thermal per-
formance of composite pipes and vessels. Using the Sturm-Liouville
theorem to derive an appropriate Fourier transformation, Kayhani
et al. [17] presented a general analytical solution for conductive
heat transfer in cylindrical composite laminates with complicated
boundary conditions which are combinations of conduction, con-
vection and radiation. Extending previous work, Delouei et al. [18]
applied Laplace transformation to change the domain of the solu-
tions from time into the frequency, and performed the inverse
Laplace transformation based on the Meromorphic function
method to find the transient temperature distribution in cylindrical
composite laminates. Chen at al [19]. introduced a frequency-
domain regression method to calculate the thermal response fac-
tors and conduction transfer function coefficients of multilayer
cylindrical walls. Li and Lai [13] derived a set of classical explicit
analytical solutions for a two-layer composite hollow cylinder
medium with general inhomogeneous boundary conditions. Based
on the laminate approximation theory, Wang [20] performed the
transient thermal analysis in functionally graded cylindrical struc-
tures, the analytical solution of which was obtained by the state
space method and the initial parameter method. Wang and Liu [21]
employed the method of separation of variables to develop an
analytical solution for two-dimensional transient heat conduction
in a fiber-reinforced multilayer cylinder composites.
From an engineering point of view, most of the above-
mentioned methods (such as the Laplace transform method, the
orthogonal expansion technique, the Green's function approach,
etc.) are not convenient to use in practice because of the compli-
cated procedures involved in the analytical derivation and the
numerical computation. When the exact temperature distribution
in the composite pipelines is not of primary interest, the lumped
parameter approach can be adopted which has beenwidely used in
a variety of thermal engineering applications. The classical lumped
parameter approach is in general restricted to problemswith low to
moderate temperature gradients, typically with Biot number less
than 0.1. In most engineering problems, the Biot number is much
higher. Cotta and Mikhailov [22] proposed a systematic formalism
to provide improved lumped parameter formulation for steady and
transient heat conduction problems based on Hermite approxi-
mation for integrals that define averaged temperature and fluxes.
Regis et al. [8] developed an improved lumped analysis of transient
heat conduction in a nuclear fuel rod which was represented by a
two-region concentric cylinder. An and Su [23] presented a lumped
parameter model for one-dimensional heat conduction with
melting of a phase changematerial (PCM) slabwith volumetric heat
generation. Naveira et al. [24] presented a hybrid numerical-
analytical solution for transient laminar forced convection over
flat plates of non-negligible thickness, where an improved lumped-
differential formulation was applied for the transversally averaged
wall temperature.
In this work, we propose improved lumped-differential formu-
lations based on two-points Hermite approximations for integrals
for the analysis of transient heat conduction in multilayered com-
posite pipelines with active heating. The improved lumped models
governing the heat conduction in the composite pipeline and the
transient energy equation for the produced fluid are solved by us-
ing finite difference methods. With the proposed method, we
analyze the transient heat transfer in stainless steel-polypropylene-
stainless steel sandwich pipes (SP) with active electrical heating.
Convergence behaviors of the average temperature of each layer
and the bulk temperature of the produced fluid calculated by using
the improved lumped models (H0,0/H1,1 and H1,1/H1,1 approxima-
tions) against the number of grid points along the length direction
of pipelines are presented. In addition, the effects of the linear heat
generation rate and the average velocity on the bulk temperature
distribution of the produced fluid are investigated.
2. The mathematical formulation
2.1. Heat conduction in composite pipeline
Consider a multilayered composite pipeline consisting of N
concentrically cylindrical layers, as shown in Fig. 1(a), with r and z
being the coordinates in the radial and axial directions respectively.
Each layer is assumed to be homogeneous, isotropic and with
constant thermal properties. The adjacent layers are assumed to be
in perfect thermal contact. The heating system is basically
composed by power cables distributed around the flowline. Heat is
generated as electric current passing through the cables. The heat
conduction is assumed to be axisymmetric. The mathematical












þ giðr; z; tÞ
ricpi
; ri < r< riþ1;
i ¼ 1;2;…;N;
(1)
where Ti(r,z,t) is the temperature in the i-th layer, t the time vari-
able, ki the thermal conductivity, ri the density, cpi the specific heat
and gi the volumetric heat generation rate. The inner and outer radii
Nomenclature
Af cross-section area of the flow passage (m2)
cp specific heat (J/kg K)
g volumetric heat generation rate (W/m3)
h1 convective heat transfer coefficient at the internal
surface (W/m2 K)
h2 convective heat transfer coefficient at the external
surface (W/m2 K)
k thermal conductivity (W/m K)
N number of layers
Nz number of grid points along the length direction of
pipeline
Pw inner perimeter of the pipeline (m)
r coordinate in the radial direction (m)
t time (s)
T temperature (K)
Uf average velocity of the produced fluid (m/s)






i index of composite layers
in inlet condition
m environment
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of the i-th layer are ri and riþ1, respectively. Eq. (1) is to be solved
with the following boundary and interface conditions:
k1
vT1 r; z; tð Þ
vr
¼ h1 Tf z; tð Þ  T1 r; z; tð Þ
 
; at r
¼ r1 and 0< z< L; (2)
kN
vTN r; z; tð Þ
vr
¼ h2 TN r; z; tð Þ  Tmð Þ; at r
¼ rNþ1 and 0< z< L; (3)
Ti r; z; tð Þ ¼ Tiþ1 r; z; tð Þ; at r ¼ riþ1 and 0< z< L; i







; at r ¼ riþ1;
i ¼ 1;2;…;N  1;
(5)
where Tf(z,t) is the temperature of the fluid transported in the
pipeline, h1 the heat transfer coefficient between the innermost
layer and the internal fluid, h2 the heat transfer coefficient between
the outermost surface and the environmental fluid, and Tm the
temperature of the environmental fluid. L is the length of the
pipeline. The initial condition and an inlet boundary condition in
each layer are
Tiðr; z;0Þ ¼ Ti0ðr; zÞ; ri < r< riþ1 and 0< z< L;
i ¼ 1;2;…;N: (6)
Tiðr;0; tÞ ¼ Tfin; at ri < r< riþ1 and z ¼ 0; i ¼ 1;2;…;N:
(7)
2.2. Energy transport in produced fluid
Neglecting the effects of flow transient, we consider a steady,
fully developed flowwith an average velocity Uf of a produced fluid
with constant properties in a pipeline of circular transversal sec-
tion, as shown in Fig. 1(b). The one-dimensional transient energy












r¼r1  Tf ðz; tÞ

;
in 0< z< L and t >0
(8)
where rf is he density of the produced fluid, cpf the specific heat of
the fluid, Pw the inner perimeter of the pipeline and Af the cross-
section area of the flow passage. Eq. (7) is to be solved with an
initial temperature distribution of the fluid along the length of
pipeline and an inlet boundary condition in the wellhead (z ¼ 0)
Tf ðz;0Þ ¼ Tf0ðzÞ; at 0< z< L and t ¼ 0; (9)
Tf ð0; tÞ ¼ Tfin; at z ¼ 0 and t >0: (10)
Fig. 1. Illustration of a multilayered composite pipeline.
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3. Improved lumped models







rTiðr; z; tÞdr; (11)
Operate Eqs. (1) and (6) by 2=ðr2iþ1  r2i Þ
Z riþ1
ri
rdr and using the






















in 0<z<L and t>0; i¼ 1;2; ::;N;
(12)
and





r Ti0 r; zð Þdr; 0< z< L and i
¼ 1;2; ::;N; (13)
when considering the volumetric heat generation rate is indepen-
dent of the radial coordinate, viz., gi(r,z,t) ¼ gi(z,t). Eq. (11) is an
equivalent integro-differential formulation of the original mathe-
matical model Eq. (1), with no approximation involved. The basic
idea of improved lumped-differential formulations is to provide
better relations between the boundary temperatures and boundary
heat fluxes than that used by the classical lumped system analysis
(CLSA) in which the boundary temperatures are assumed to be
equal to the average temperatures. We use two-points Hermite
approximations for integrals, based on the values of the integrand











where y(x) and its derivatives y(n)(x) are defined for all x2(a,b). It is
assumed that the numerical values of y(n)(a) for n ¼ 0,1,…,a, and
y(n)(b) for n ¼ 0,1,…,b are available. The general expression for the
















where h ¼ ba, and
Cnða;bÞ ¼ ðaþ 1Þ!ðaþ bþ 1 nÞ!ðnþ 1Þ!ða nÞ!ðaþ bþ 2Þ! : (16)
We first employ the plain trapezoidal rule in the integrals for
both average temperature and average heat flux (H0,0/H0,0













i ¼ 1;2; ::;N;
(17)
Table 1
Geometrical parameters and thermophysical properties of sandwich pipes.
r1 (m) 0.07775* cp2 (J/kg K) 2000#
r2 (m) 0.08415* r3 (kg/m3) 7850#
r3 (m) 0.10315* k3 (W/m K) 54#
r4 (m) 0.10955* cp3 (J/kg K) 486#
r1 (kg/m3) 7850# h1 (W/m2 K) 5004
k1 (W/m K) 54# h2 (W/m2 K) 1505
cp1 (J/kg K) 486# rf (kg/m3) 800&
r2 (kg/m3) 775# kf (W/m K) 0.14&
k2 (W/m K) 0.17# cpf (J/kg K) 2700&
*, #, 4, 5 and &: Refer to Castello and Estefen [27], Su et al. [4], Bergman et al. [30],
Drescher et al. [31] and Castello and Estefen [32], respectively.
Table 2
Convergence behavior of the bulk temperature of the produced fluid Tf (C) calcu-
lated by using H0,0/H0,0 improved lumped model.
z (km) Nz ¼ 100 Nz ¼ 200 Nz ¼ 300 Nz ¼ 400 Nz ¼ 500
t ¼ 1 h
2 77.3255 78.1118 78.3083 78.3826 78.4176
4 31.9606 30.8308 30.4210 30.2148 30.0916
6 14.6757 14.4888 14.4307 14.4024 14.3856
8 12.2992 12.2739 12.2661 12.2623 12.2600
10 11.9776 11.9742 11.9731 11.9726 11.9723
t ¼ 2 h
2 78.3239 78.2935 78.2833 78.2782 78.2751
4 68.6123 68.9457 69.0014 69.0163 69.0213
6 43.5071 43.2243 43.0399 42.9132 42.8212
8 22.2046 21.6436 21.4733 21.3916 21.3437
10 18.4334 18.3555 18.3325 18.3214 18.3149
t ¼ 3 h
2 78.3239 78.2934 78.2833 78.2782 78.2751
4 69.0946 69.0466 69.0305 69.0224 69.0175
6 61.5947 61.7071 61.7126 61.7099 61.7068
8 47.9117 48.7405 49.1434 49.3857 49.5486
10 28.7392 27.7891 27.4498 27.2804 27.1798
Table 3
Convergence behavior of the bulk temperature of the produced fluid Tf (C) calcu-
lated by using H1,1/H0,0 improved lumped model.
z (km) Nz ¼ 100 Nz ¼ 200 Nz ¼ 300 Nz ¼ 400 Nz ¼ 500
t ¼ 1 h
2 77.0529 77.8289 78.0397 78.1292 78.1769
4 32.2292 31.1133 30.6988 30.4883 30.3621
6 14.7298 14.5374 14.4776 14.4485 14.4313
8 12.3156 12.2896 12.2815 12.2775 12.2752
10 11.9889 11.9854 11.9843 11.9837 11.9834
t ¼ 2 h
2 78.3244 78.2940 78.2837 78.2786 78.2755
4 68.3006 68.6867 68.7798 68.8180 68.8383
6 43.5050 43.3567 43.2613 43.1955 43.1474
8 22.3389 21.7570 21.5788 21.4933 21.4432
10 18.4421 18.3605 18.3363 18.3247 18.3179
t ¼ 3 h
2 78.3239 78.2934 78.2833 78.2782 78.2751
4 69.0938 69.0466 69.0305 69.0225 69.0176
6 61.3927 61.5675 61.6026 61.6154 61.6216
8 47.4949 48.2105 48.5496 48.7499 48.8828
10 28.9361 28.0196 27.6796 27.5060 27.4016




















i ¼ 1;2; ::;N:
(18)
At each time t, analytical solution of the 4N unknowns
Ti(r,z,t)jr¼ri, Ti(r,z,t)jr¼riþ1, vTi(r,z,t)/vrjr¼ri and vTi(r,z,t)/vrjr¼riþ1,
i ¼ 1,2,…,N, can be readily obtained by using a symbolic compu-
tation software such as Mathematica [26] from a closed equation
system formed by Eqs. (2)e(5), (17), (18), and then used to close the
partial differential equations Eq. (12) for the average temperature
Tav,i, to be solved with the initial condition Eq. (13), providing the
H0,0/H0,0 model.
Then we further improve the lumped model by employing the
more accurate H1,1 Hermite approximation (two-side corrected




































i ¼ 1;2; ::;N;
(19)
while keeping the plain trapezoidal rule in the integral for heat flux
(H1,1/H0,0 approximation). Similarly, the boundary temperatures
Fig. 2. Convergence behavior of the bulk temperature of the produced fluid Tf (C) at t ¼ 1, 2 and 3 h calculated by using H0,0/H0,0 improved lumped model.
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and heat fluxes can be obtained from Eqs. (2)e(5), (18), (19) and
used to close the partial differential equations Eq. (12) for the
average temperatures, to be solved with the initial condition Eq.
(13), providing the H1,1/H0,0 model.
The improved lumped models governing the heat conduction in
the composite pipeline and the transient energy equation Eq. (8) for
the produced fluid are solved by using finite differencemethods, for
which the following discretization in the z-direction is introduced:
zj ¼ jDz; Tav;i

zj; t
















i ¼ 1;2; ::;N; j ¼ 0;1;2;…;Nz;
(20)
where Nz is the total number of grid points in the axial direction.
The discretized energy equation for the bulk temperature of




þ rf cpf Uf














; for t >0;
i ¼ 1;2; ::;N;
j ¼ 1;2;…;Nz;
(21)
The mathematical model consists of a system of (Nþ1)  Nz
ordinary differential equations in time. At each discretized point zj,
there are N equations for the average temperatures in the multi-
layered composite pipeline, Tjav;iðtÞ, and one equation for the bulk
Fig. 3. Convergence behavior of the bulk temperature of the produced fluid Tf (C) at t ¼ 1, 2 and 3 h calculated by using H1,1/H0,0 improved lumped model.
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temperature Tjf ðtÞ. The ODE system can be readily solved numeri-
cally by using a well tested ODE solver. In this study, the Mathe-
matica routine NDSolve was used for the solution of the ODE
system.
4. Numerical results and discussions
As considered to be an effective solution for ultra-deepwater
submarine multilayered composite pipelines combining high
structural resistance with thermal insulation, sandwich pipes (SP)
have attracted significant attention in recent years [27e29]. In this
section, we employ the proposed improved lumped model to
analyze the transient heat transfer in stainless steel-polypropylene-
stainless steel SP (N¼ 3) with active electrical heating. According to
Castello and Estefen [27], Su et al. [4], Bergman et al. [30], Drescher
et al. [31] and Castello and Estefen [32], the geometrical parameters
and thermophysical properties of SP are presented in Table 1. As-
sume that the pipeline is with the length of 10 km and with the
inlet boundary temperature of 90 C, and the produced fluid is with
the average velocity of 1.0 m/s and with the inlet boundary tem-
perature of 90 C. The seawater temperature Tm at the seabed is
4 C. The linear heat generation rate of the innermost layer is
150 W/m.
Tables 2 and 3 present the convergence behavior of the bulk
temperature of the produced fluid Tf calculated by using H0,0/H0,0
and H1,1/H0,0 improved lumped models against the number of grid
points (Nz¼ 100, 200, 300, 400 and 500) along the length direction
of pipelines, respectively. The bulk temperature at different posi-
tions (z ¼ 2, 4, 6, 8 and 10 km) and different time (t ¼ 1, 2 and 3 h)
are listed. It can be observed that convergence is achieved essen-
tially with a reasonably low number of grid points Nz  300 for
both H0,0/H0,0 and H1,1/H0,0 improved lumped models. Although
Fig. 4. Convergence behavior of the average temperature of each layer Tav,i (C) at t ¼ 3 h for i ¼ 1, 2 and 3 calculated by using H0,0/H0,0 improved lumped model.
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convergence rates of the bulk temperature at t ¼ 3 h are slower
than the ones at t ¼ 1 h, the absolute relative errors (ARE) are
relatively low (i.e., 1.015% for the ARE of Tf at z ¼ 10 km and t ¼ 3 h
calculated with Nz ¼ 300 and Nz ¼ 500 using H1,1/H0,0 improved
lumped model). For the same cases, the bulk temperature profiles
of the produced fluid at t¼ 1, 2 and 3 h calculated by using H0,0/H0,0
and H1,1/H0,0 improved lumped models are illustrated in Figs. 2 and
3. In addition, the average temperature profile of each layer Tav,i
(C) of SP at t ¼ 3 h for i ¼ 1, 2 and 3 calculated by using H0,0/H0,0
and H1,1/H0,0 improved lumped models are given in Figs. 4 and 5,
from which it can be also seen that the good convergence is
achieved.
Fig. 6 shows the bulk temperature distribution of the produced
fluid Tf (C) at different time (t ¼ 0, 1, 2, 3, 4, 5 and 6) with various
linear heat generation rate (0, 50, 100 and 150 W/m) calculated by
using H1,1/H0,0 improved lumped model and the number of grid
points Nz ¼ 300. As the time increases, the temperature profile
along the length direction approaches the steady-state tempera-
ture profile. The bulk temperature of the produced fluid at 10 km
becomes 30.41 C after 6 h, if no active heating is applied to SP.With
active electrical heating, the bulk temperature at the same position
rises up to 37.41, 44.40 and 51.40 C after 6 h, when considering the
linear heat generation rates of 50, 100 and 150W/m, viz., the outlet
temperature of the produced fluid increases by nearly 7, 14 and
21 C, respectively.
Fig. 7 shows the bulk temperature distribution of the produced
fluid Tf (C) at different time (t ¼ 0, 1, 2, 3, 4, 5 and 6) with various
average velocity (Uf ¼ 0.5, 1.0, 1.5 and 2.0 m/s) calculated by using
H1,1/H0,0 improved lumped model and the number of grid points
Nz ¼ 300. The linear heat generation rate of the innermost layer is
Fig. 5. Convergence behavior of the average temperature of each layer Tav,i (C) at t ¼ 3 h for i ¼ 1, 2 and 3 calculated by using H1,1/H0,0 improved lumped model.
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150 W/m. As the time increases, the temperature profile along the
length direction approaches the steady-state temperature profile.
Besides, the bulk temperature of the produced fluid reaches much
more rapidly to its steady state as the average velocity increases.
The bulk temperature at 10 km rises up to 31.44, 51.40, 59.63 and
65.14 C after 6 h, respectively.
5. Conclusions
Based on two point Hermite approximations for integrals,
improved lumped parameter models were developed for the
transient heat conduction of multilayered composite pipeline
with active heating. The improved lumped models governing the
heat conduction in the composite pipeline and the transient
energy equation for the produced fluid were solved by using finite
difference methods. Considering SP as an example, good conver-
gence was achieved essentially with a reasonably low number of
grid points Nz  300 for both H0,0/H0,0 and H1,1/H0,0 improved
lumped models. It was shown that by using active electrical
heating with the linear heat generation rates of 50, 100 and
150 W/m, the outlet temperature of the produced fluid increases
by nearly 7, 14 and 21 C, respectively. The bulk temperature of the
produced fluid reached much more rapidly to its steady state as
the average velocity increased. The study showed that the pro-
posed improved lumped model approach can be utilized as an
effective analytical tool for the thermal design and analysis of
composite pipelines for oil and gas production in deepwater
conditions.
Fig. 6. Bulk temperature distribution of the produced fluid Tf (C) at different time with various linear heat generation rate (0, 50, 100 and 150 W/m) calculated by using H1,1/H0,0
improved lumped model.
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